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Abstract
Linear nth order (n 3) ordinary differential equations have been shown to possess n+ 1, n+ 2
or n + 4 Lie point symmetries. Each class contains equations which are equivalent under point
transformation. By taking the example of third order equations, we show that all linear equations
are equivalent if the class of transformation is broadened to include nonlocal transformations and
hence the representative of this class of equations is y(n) = 0.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Sophus Lie [12] proved that the maximum number of point symmetries for an nth order
(n  3) ordinary differential equation is n+ 4. (In the case of n = 2 there are eight.) He
further showed that if an nth order equation was equivalent to
y(n) = 0 (1)
under a point transformation, viz.
X = F(x, y), Y =G(x,y), (2)
it possessed n + 4 point symmetries. (In the case of linear equations, (2) reduces to the
Kummer–Liouville [9,14] transformation where F = F(x).)
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nth order equations. Krause and Michel [8] proved that the maximum number of point
symmetries for nth order equations is n + 4 iff the equation is iterative, i.e., it can be
written in the form
L[y] ≡ r(x)y ′ + q(x)y = 0, Ln[y] = Ln−1[L[y]]. (3)
They also strengthened Lie’s result by proving that equations possessing n + 4 point
symmetries were equivalent to (1) under (2). Mahomed and Leach [15] showed that all nth
order linear equations were not equivalent to (1) under a point transformation. There exist
linear equations with n+ 1 and n+ 2 point symmetries. The corresponding Lie algebras
are nA1 ⊕s A1 and nA1 ⊕s A1 ⊕A1. For equations of maximal symmetry the Lie algebra
is (A1 ⊕ s(2,R))⊕s nA1.
In the case of second order equations all linear or linearisable (under a point trans-
formation) equations are equivalent to [11]
y ′′ = 0. (4)
If the class of transformation is broadened to include contact, viz.
X = F(x, y, y ′), Y =G(x,y, y ′), Y ′ =H(x,y, y ′), (5)
all second order ordinary differential equations are equivalent to (4) [13]. However, the
utility of this result is limited as it is difficult to calculate the (infinite) contact symmetries
of second order equations.
Here we investigate which transformations ensure the equivalence of all nth order
linear equations. Thus we wish to avoid the separation into the classes of linear equations
admitting n + 1, n + 2 and n + 4 symmetries. As an example we consider third order
equations. The procedure given here can easily be applied to higher order equations.
2. Equivalence of third order equations
For third order equations there exist linear equations with four, five and seven (the
maximum) point symmetries. We take
y ′′′ + f (x)y ′′ + y ′ + f (x)y = 0, (6)
y ′′′ − y = 0 (7)
and
y ′′′ = 0, (8)
with the symmetries
G1 = sin x ∂
∂y
, G2 = cosx ∂
∂y
, G3 = z(x) ∂
∂y
, G4 = y ∂
∂y
, (9)
where z(x)= ∫ x exp[− ∫ f (u) du] sin(x − u) du,0
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∂y
, X2 = eωx ∂
∂y
, X3 = eω2x ∂
∂y
, X4 = ∂
∂x
,
X5 = y ∂
∂y
, (10)
where 1+ω+ω2 = 0, and
U1 = ∂
∂y
, U2 = x ∂
∂y
, U3 = x2 ∂
∂y
, U4 = ∂
∂x
,
U5 = x ∂
∂x
+ y ∂
∂y
, U6 = x2 ∂
∂x
+ 2xy ∂
∂y
, U7 = y ∂
∂y
, (11)
respectively, to be the representative equations of each class. As equations of four, five
and seven point symmetries (with the Lie algebras 3A1 ⊕s A1, 3A1 ⊕s A1 ⊕s A1 and
(A1 ⊕ s(2,R))⊕s 3A1, respectively) are equivalent to (6), (7) and (8), respectively, under
a point transformation, there is no loss in generality in considering only these equations
individually. All results obtained will be up to a point transformation. (In fact, there is no
need to restrict this equivalence to point transformation. Any transformation will suffice.)
The first natural question to contemplate is the equivalence of (6), (7) and (8) under
contact transformations. It is simple (using LIE [5]) to confirm that the only contact
symmetries of (6) and (7) are first extensions of the point symmetries in (9) and (10),
respectively. In the case of (8) there are three irreducible contact symmetries (in addition
to the first extensions of those in (11)), viz.
U8 = y ′ ∂
∂x
+ 1
2
y ′2 ∂
∂y
,
U9 = 2(xy ′ − y) ∂
∂x
+ xy ′2 ∂
∂y
+ y ′2 ∂
∂y ′
,
U10 = (x2y ′ − 2xy) ∂
∂x
+
(
1
2
x2y ′2 − 2y2
)
∂
∂y
+ (xy ′2 − 2yy ′) ∂
∂y ′
. (12)
The extension to contact transformations increases the number of third order equations that
can be linearised [2]. A good example is the Kummer–Schwarz equation [6,7]
2y ′y ′′′ − 3y ′′2 = 0 (13)
which has six point symmetries and an additional four irreducible contact symmetries.
Equation (13) is not linearisable via a point transformation, but is linearisable to (8)
via a contact transformation [2]. (While we have been concentrating on the number of
symmetries (which is the dimension of the Lie algebra) the crucial point about equivalent
equations is the Lie algebra. In the case of (11) and (13) the Lie algebra of contact sym-
metries is sp(4) [2].)
In spite of the extension to contact transformation, (6), (7) and (8) are not equivalent. It
remains to consider nonlocal transformations. While some method to calculate nonlocal
symmetries (and thereby find nonlocal transformations) has been suggested [1,4] the
complexities of finding the full Lie algebra of nonlocal symmetries suggest that an alternate
route be sought. Our approach involves the reduction of (6) and (7) to second order
equations, the linearisation of these equations to (4) and then an increase of order to (8).
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transformation
u= x, v = y ′ sin x − y cosx, (14)
(6) reduces to
v′′ + (f (u)− cotu)v′ = 0. (15)
Equation (15) is linear and, under the point transformation
t =−
{∫
sinu exp
[
−
∫
f (u) du
]
du
}−1
,
q = v
{∫
sinu exp
[
−
∫
f (u) du
]
du
}−1
, (16)
becomes
q¨ = 0. (17)
The nonlocal transformation
X = t, Y ′ = q (18)
increases the order of (17) to
Y ′′′ = 0. (19)
Equation (6) is equivalent to (8) under the nonlocal transformation
Y =
∫
(y ′ sinx − y cosx) sinx exp[− ∫ f (x) dx]
{∫ {sinx exp[− ∫ f (x) dx]dx}}3 dx,
X =−
{∫
sinx exp
[
−
∫
f (x) dx
]
dx
}−1
. (20)
We remark that (20) is not a nonlocal contact transformation [10] as the derivative in the
integrand of Y can be removed by integration by parts. We maintain the compact structure
of (20) for purely esthetic reasons. It is interesting to note that (20) can be viewed as a
generalisation of the Kummer–Liouville transformation.
In the case of (7) we reduce the order using X1, i.e., via the nonlocal transformation
u= x, v = y ′ − y, (21)
to obtain the linear second order equation
v′′ + v′ + v = 0. (22)
Under the point transformation
t = 2√ tan
√
3u
, q = v exp
(
1
u
)
sec
√
3u
, (23)
3 2 2 2
K.S. Govinder, P.G.L. Leach / J. Math. Anal. Appl. 287 (2003) 399–404 403(22) is transformed to (17). Invoking (18) we obtain (19). Equation (7) is equivalent to (8)
under the nonlocal transformation
X = 2√
3
tan
√
3x
2
, Y =
∫
(y ′ − y) exp
(
1
2
x
)
sec3
(√
3x
2
)
dx. (24)
All linear third order equations then are equivalent to the simplest third order equation (8)
under a nonlocal transformation.
3. Discussion
In the previous section we have shown that all linear third order equations belong to the
equivalence class
y ′′′ = 0 (25)
under nonlocal transformations. This procedure can be easily extended to higher order
equations by induction. One merely reduces the order of the nth order equations admitting
n+ 1 and n+ 2 symmetries via the transformation obtained from
U1 = f1(x) ∂
∂y
(26)
where f1(x) is one solution of the equation. This will result in an (n− 1)th order linear
equation which is equivalent to
y(n−1) = 0 (27)
under a point transformation. Equation (27) can be increased in order to
y(n) = 0 (28)
via (18). Thus all n order linear equations (which are not equivalent under point or contact
transformations) are equivalent under nonlocal transformations and to (28).
We make a final comment that the linearisation of equations under nonlocal transfor-
mations has more than mathematical interest. Chimento et al. [3] have utilised nonlocal
transformations to linearise equations arising in the analysis of the Einstein Field equa-
tions. As a result, new solutions in extended thermodynamics were discovered.
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